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Exact Bending Solution of Inhomogeneous Plates
from Homogeneous Thin-Plate Deflection
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Based on the first-order shear deformation theory, an exact solution for sandwich plates with dissimilar facings
by the use of the potential function technique is presented. The solution is expressed in terms of the deflection of a
homogeneous Kirchhoff thin plate and is valid for simply supported polygonal plates made of isotropic materials.
Because of its mathematical similarity, the solution for functionally graded plates is also presented.

I. Introduction

INCE Reissner' proposed a finite deflection theory for sand-

wich plates, research on sandwich structures has received great
attention2~!2 Noor et al.!! recently presented a comprehensive sur-
vey of the status, achievements,and trends in the modeling of sand-
wich plates and shells. In particular, an interesting line of investi-
gation is the linking relationships between the bending solutions of
polygonal sandwich plates®*!? and classical Kirchhoff thin plates.
Because of its mathematical similarity,’~ the exact relationship
regarding sandwich plates also applies to the first-order shear de-
formation theory for single-layerhomogeneous plates.!* The study
was also extended to Reddy’s third-order theory'*!3 for isotropic
plates'® and for symmetrically laminated plates composed of trans-
versely isotropic laminae.!” These exact connectionsapply to plates
that are symmetric in the midplane. For plates in an asymmetric
configuration, such as sandwich plates with dissimilar facing sheets
and functionally graded plates,'® however, a new study is needed.
This paper addresses the exact solution for polygonal simply sup-
ported sandwich plates with dissimilar facings in terms of homoge-
neous thin-plate deflection. Such a relationship between function-
ally graded plates and classical plates is readily obtained because of
mathematical similarity.

For orthotropic core materials in reality, two different values of
shear moduli should be given* The present technique for finding
the linkingrelationshipsbetweeninhomogeneousand homogeneous
plates will not work in that case.

II. Field Equations

Consider an undeformed sandwich plate with dissimilar facing
sheets in a Cartesian coordinate system {x; } (i =1,2,3), where the
midplane of the sandwich core coincides with x3 =0. The facing
sheets and core are composed of differentisotropicelastic materials,
with uniform thicknesses A* for the upper and lower facing sheets
and h¢ for the core.

In what follows, a subscript comma followed by an index i de-
notes a partial derivative with respect to the corresponding spatial
coordinate x;. The Einsteinian summation convention applies, un-
less otherwise specified, to repeated indices of tensor components,
with Latin subscriptsranging from 1 to 3 and Greek subscripts from
1to2.
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Under Reissner’s assumptions, the facing sheets are very thin
(h* << h*) such that they behave as two membranes, and the core un-
dergoes only transverse shear deformation. The displacement field
is then assumed in the form

Vi) =ug + %(hc + h*) vy, vy (x;) =us
v, (%) =u, — %(hc +h7 )y, vy (x;) =us
Ve(Xi) =ua + X3y, vi(xi) =uy )]

whereu,, uz,and y, areindependentof x;. For the bendingproblem
of a sandwich plate under an arbitrarily distributed normal load
q(x,), the field equations are expressed as

N(zﬂ,ﬂ =0a Q(x,(x + q =0a M(zﬂ,ﬂ - Q(x =0 (2)

where
(N(xﬂ> (Al - Bl A2 - B2> (um,m>5
M(xﬂ - A, =B, A;-B; Yo,0 o’
41 (Bl Bz) (”a,ﬂ + ”M)
2\B, B3/ \Wopt Vpa
Qo =C(Uz 0 + Wo) 3)

In these expressions,

E*h* E-h~
A =
1= (v )2 1=(v)?

s E*h*(h+h*) E"h~(h" +h")
2T = (v 2[1 = (v)?]
p E*h*(h¢ + h*)2  E~h=(h¢ + h™)?
Al = (v 41— (v)2]

E*th* E-h~
B

=— +
I+vt 1+v

CETRY(h+hY)  EThT(h +h7)
T+ v 21+ v7)

_ETRe BT (b + )
T4+ v 41+ v)
C =Gh* 4)

where E* and v* denote Young’s moduli and Poisson’s ratios for
the facing materials, respectively,and G¢ denotes the shear modulus
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of the core. Note that A, and B, will vanish for a sandwich plate
symmetric in its midplane.

With the expressions of Egs. (3), field equations (2) are then
expressed in terms of five displacement functions u,, 13, and y, as

T Biutgpp + (A - %Bl)”ma + 2By pp

+ (A2 - %Bz)l//ﬁ”ga =0 (5)
C(ulaa + l//(z,a) + q =0 (6)
LBottepp + (A — 1By)uppo + 1B
3 Batta,pp 2= 5B2)uppa + B3 pp

+ (A3 = 3B5) Wppu = Cltts o + y) =0 (7)

Equations (6) and (7) may be recast, after a little manipulation with
the help of Eq. (5), into the following form:

(A1A3 - A%)Wa,aﬁ/} +A;qg =0 (8)
(AyB; — A By)ug g, + %(3133 - Bzz)l//a,/m + (A3Bl - AyB,
+LB2 — LB\ By) w0 — BiIC(usu + wa) =0 ©)

Following the technique*? proposed for the analysis of symmet-
rical sandwich plate problems, two new functions, w and f, are
introduced such that

Vo =Wo+ €a0fo (10)

where &,,, is the two-dimensional permutation tensor. The expres-
sion of Eq. (10) is sufficient; however, w and f will not be uniquely
determined. This is because the Cauchy-Riemann equations

wj‘a+8au,fz =0 (1D

always give a solution ( f* + iw*) that is an analytic function of the
complex variable (x; + ix;). Expression (10) remains unchanged
when w and f are changed simultaneously by increments w* and

*

Substituting Eq. (10) into Egs. (5), (8), and (9) yields

LBt pp + (A1 = LB\ up po + Asw aps + L Brguo fupp =0
(12)

(4143 = AW upp + Arq =0 (13)
[(AyB; — A\ By)ug g + (A3B; — AyBy)w gg — BiC(uz + w)],
+ a0 3(BiBs = B3) fyp — BICf] =0 (14)

Equation (14) is a Cauchy-Riemann equation, which can be in-
terpreted in an alternative form:

L(B\Bs = B) f 5 — B\Cf +il(AB, — A By)ug g
+(A3B; — AyBy)w g — BiC(us + w)] = F(x; +ixy) (15)

where F(x; +ix;) is an analytic function. Furthermore, when
Eq. (15)is viewed as anonhomogeneouspartial differentialequation
with respect to unknowns (u,, u3, w, f), its solution is composed
of the sum of a homogeneous general solution and an arbitrary
particular solution. Because both the real and imaginary parts of
function F'(x; + ix,) are harmonic functions, the particular solu-
tion (uy, u;, w*, f*) can be taken as

u:; =0 (163)
W =0 (16b)
=B\ C(f*"+iw™) =F(x; +ixy) (16¢)

and therefore Eq. (16c¢) fulfills Cauchy-Riemann condition(11). As
a result of Egs. (16a), (16b), and (11), the particular solution has a
trivial contributionto u,, u3, and y,, and thus to displacementsand
stresses of sandwich plates. Consequently, the particularsolution of
Eq. (15) can be discarded. Only the corresponding homogeneous
part of Eq. (15) is of interest; that is,

1(BiBs — B3) fps — BICS =0 17)

(AyB; — A\ By)ugpg + (A3B) — Ay By)w gg — B1C(uz + w) =0
(18)

Note that the unknown f has been decoupled with four other
unknowns u,, u3, and w in field equations (13), (17), and (18),
but coupled in Eq. (12). After simplification this new form of field
equationsis usefulin some applications,suchasin problemsseeking
fundamentalsolutions. Here it should be indicated that the unknown
f isalso coupled with u,, 13, and w throughboundary conditionsin
the majority of problems. For simply supported edges of polygonal
plates, however, the unknown f can be separately determined.

III. Simply Supported Rectilinear Edge

With the assumption that a sandwich plate is simply supported
on its boundary I', the boundary condition is expressed as

Nyy =0 (19a)
Myy =0 (19b)
u; =0 (19¢)
ur =0 (19d)
wr =0 (19e)

where the uppercase subscripts N and 7 denote normal and tangen-
tial directions, respectively,on boundary I'. No implicit summation
applies to the repeated uppercase subscripts. For a polygonal plate,
Eqgs. (19a) and (19b) reduce to

uyy =0, yyy =0 (20)
With the aid of Egs. (10) and (18), Eqs. (19¢c-19¢) and (20) can be
further rewritten as

ur =0 (21a)
uyy =0 (21b)
w =0 (210)
wyy =0 (21d)
fn =0 (21e)

It is shown by Egs. (21) that the unknowns u,, u3, w, and f have
been decoupled in the simply supported boundary condition.

When the Gaussian theorem is applied in the plate plane Q2 for
the function f,, that s,

// f:(lad.Q ='¢f:anadr =¢der (22)

it can be concluded, through Egs. (17) and (21e), that
f=0 on Q (23)

This means that, for bending problems of simply supported polyg-
onal sandwich plates, only four functions u,, 3, and w have to be
solved. The field equations for u,, and w are Eqgs. (12) and (13),
consistently associated with Eqs. (21a-21d). The deflection 3 can
be simply obtained from Eq. (18) after u,, and w are solved.
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IV. Solution Relationship

The field equation for a classical Kirchhoff homogeneous thin
plate with its flexural stiffness D is

_Dugfaa/}/} + q =0 (24)
The boundary condition of simply supported edges is
uk =0, uk =0 (25)

From the uniqueness theorem of solution, it can be concluded
from the analogy between field equations (13) and (24) and between
boundary conditions (21c), (21d), and (25) that

(4 — a2 A)w =—Du¥ (26)

Because f =0, Eq. (12) associated with the boundary condition
of Egs. (21a-21d) has the following solution:

Ug = _(AZ/AI)W,(Z (27)

Therefore,u, and u; of the sandwich plate can be explicitly obtained
from Eqs (18), (26), and (27) as

u, =[A)l (A,4; - A2)]Dut,
uy =[A] (A4, - A2)]Duk — 1/ C)Duk,,  (28)

which are expressed in terms of the classical thin-plate deflection.
These are exact explicit relationships between the solution for sim-
ply supportedpolygonalsandwichplates and the deflection of Kirch-
hoff homogeneous thin plates. Once the Kirchhoff deflection solu-
tionuX is given, the solution using the asymmetrical sandwich plate
theory is readily obtained through a simple manipulation of differ-
entiation. This is easily achieved, as there are plenty of available
solutions for classical homogeneous plates.

For the special case of symmetrical sandwich plates, A, =0,
Hu? gave the relationshipbetween deflections of Reissner sandwich
plates and classical Kirchhoff thin plates; also see the linear coun-
terpart in the nonlinear work® for sandwich plates. Equations (28)
representa generalizationof the connectior® concerning symmetri-
cal sandwich plates to the sandwich plates with dissimilar facings.

V. Functionally Graded Plates

The term “functionallygraded material’ refers to materials whose
material properties vary along the thickness direction. The mixture
of two distinct material phases such as ceramic and metal phases
is a typical example of such materials. In the case of functionally
graded plates composed of isotropic gradient materials,'® the mate-
rial moduli are, with respect to x; only,

E = E(x3), V= v(x3) (29)
where E and vdenote Young’s modulus and Poisson’s ratio, respec-
tively.

Based on the first-order shear deformation theory, the derivation
and conclusionin the foregoing sections for sandwich plates are the
same for the functionally graded plates except that displacement

field (1) is replaced by
v3(x;) =us (30)

V(z(xi) =Ug T X3Ye,

and the coefficient expressionsin Eqs. (4) are replaced by

hl2 E
(A}, As, A3] =f [1, x5, 23] —— dx;
—hl2 -

hi2 E
[B,, By, B3] =[ [1,x3,x32]mdx3

hl2

hi2
C =1</ G dx; (31)

hl2

where £ is the plate thickness, G is the shear modulus, and « is the
shear correction factor.

VI. Conclusions

An exact solution for a sandwich plate with dissimilar facings
and for a functionally graded plate has been found in terms of the
deflection of a homogeneous Kirchhoff thin plate. The solution is
valid for plates with simply supported rectilinear edges and that
made of isotropic materials. The first-order shear deformation plate
theory has been employed. It should be noted that the potential
function technique used herein does not work for a plate made of
an orthotropic material.
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